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ABSTRACT 

New b ide te rminan ta l  formulas  for the  irreducible symplec t ic  and  or thogo-  

nal charac ters  are given t h a t  generalize the  classical b ide te rminan ta l  for- 

mulas.  These  formulas  are analogous to Regev ' s  (Israel J. Math .  80 (1992), 

155-160) b ide te rminan ta l  formulas  for Schur funct ions ,  t he  irreducible gen- 

eral linear characters .  Also, new b ide te rminan ta l  formulas  for Proc tor ' s  

in te rmedia te  symplec t ic  charac ters  are derived. 

1. I n t r o d u c t i o n  and  s t a t e m e n t  of  r e su l t s  

We prove formulas that express the irreducible symplectic and orthogonal char- 

acters (cf. [1, 2, 3]) as ratios of certain determinants whose entries involve com- 

plete homogeneous, respectively elementary symmetric functions (see (1.8)-(1.13) 

below). These new identities generalize the classical bideterminantal expressions 

for irreducible symplectic and orthogonal characters (cf. [1, § 24.2]). We were mo- 

tivated by work of Regev [8] who proved analogous formulas for Schur functions, 

the irreducible general linear characters. 

Let us recall the classical character formulas. An n-tuple • = (~1, A2,. . . ,  An) 

of integers with hi >_ ,~2 _> ""  _> kn _> 0 is called a pa r t i t ion .  The components 

of A are called the p a r t s  of A. The Schur function s~(xl, x2,..., Xn) is given by 

(cf. [4, I.(3.1); 1, p. 403, (A.4)]) 

det (x~ '+"-i) 
(1 .1 )  8 £ ( X l , X 2 , . . . , X n )  = l<i,j<_n J 

det (x ~.-i) 
l<_ij_<~ 3 
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sp~(x 1 , x 2 , . . . ,  x~ 1) is given by The irreducible (even) symplectic character +1 +1 

(cf. [1, (24.18)]) 

(1.2) 

det (x~ ~+~-~+1 - xj -(x~+~-i+l)) 
4-1 4-1 x:J=l~ l<_i,j~_n "~ 

sP)~(Xl ,X2 , ' " ,  n J - -  
det (x~  - i+1 - x ~  ( ' - i + 1 ) )  

l<_i,j<_n J 

Odd symplectic characters have been defined by Proctor  [5, 6, 7]. These cor- 

respond to indecomposable representations of odd symplectic groups. A bide- 

terminantal  formula for the odd symplectic character spx(x~ 1, x+12 , - . . ,xn+l ,  1) 

appeared in [5, Theorem 2.2]. These characters are indexed by parti t ions A = 

(A1, A2, • • . ,  A~+I) with n + 1 parts. Proctor 's  formula may be writ ten as 

(1.3) (1.3) 
d ~  [ A .+n- i+3 /2  - ( A i + n - i + 3 / 2 )  x~+1=1 e~ ~x . '  + x j  ) 

S-  [X ±1 X :]=1 . 4 -1  l<i,j~_n+l 3 
PXt 1 ' 2 ' ' ' ' ' X n  , 1 ) =  ~ 

ae~ tx.  + z j  -('~-I+3/2)) 
l< i , j<n+l  3 

Now let A = ( /~1, - . . ,  An) again be a part i t ion with n parts. For the even 

orthogonal groups, the irreducible orthogonal character ^ " ±1 +1 . x +1~ is uX[Xl ,x2 ,-- ~ n ] 
given by (cf. [1, (24.40) + first paragraph on p. 411, 7, Appendix A2]) 

(1.4) 
det (xX ~+~-i + xj -(x~+~-~)) 

o ~ ( z ~ l , x + l  +1 l<~,j<~ 3 
2 ~ ' ' ' , X n  ) = - - 

det ( x  ~.-i + x ~  (~ - i ) )  
l~_i,j~_n 3 

Finally, for the odd orthogonal groups, the irreducible orthogonal character 

o x ( x ~ l , x ~ l , . . . , x ~  1, 1) is given by (cf. [1, (24.28)]) 

(1.5) 

det (x ~i+n-i+l/2 - -  X; (Ai+n-i+l/2)) 
. . . , X  n , = d .  , n - i + l / 2  - - e~ ( x .  - x j  ~+1/2)), (n 

l_<~,j<_~ 3 

Let h m ( x l  . . . .  , x~)  denote the m- th  complete homogeneous symmetr ic  function 

in the variables Xl, x 2 , . . . ,  xr,  and let e r a ( x 1 , . . . ,  x~)  denote the m- th  elementary 

symmetr ic  function in Xl, x 2 , . . . ,  x~, (cf. [4, pp. 12-15]). Then Regev's formulas 

for Schur functions sx read as follows, [8, Theorem 1.(b)]: 

(1.6) 
= ' x J + r ) )  

det ( h n - i ( x j , . . . ,  Xj+r)) 
l<i , j<~ 
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and if n - 2 _< r [8, Theorem l ' . (b) ,  corrected] 

det (ea + , - i ( x j  . . . .  ,xj+~)) 
(1.7) s a , ( x , , . . . , x ~ + l )  = l<_ i , j<n  " 

det (e~_i(xj  . . . . .  xj+r)) 
l<_i,j<_n 

Here ,V denotes the par t i t ion conjugate to ,k (of. [4, p. 2]). Clearly, sett ing r = 0 

in (1.6) yields (1.1). 

The  analogous identities for spa and oa which we are going to prove in the 

next  section, are the following. For the symplectic characters  we have 

det (ha +n_ i (x~ l , . .  x f ~ ( , 1 ) ) )  
(1.8) s p A ( X l : k l ,  . . . X + 1  ( l < i , j < n  * : " '  

, n 4 - r k , 1 ) )  ----- --  _ 
det ( h (~'+ ~ x + ~ ( ' 

t < i , j < n "  n - z [ ' v J  . . . . .  j + r \ , l ) ) )  

and if n -  2 _< r, 

det (e~ 'n i( x=~l, x+l f 
(1.9) spa,(x 4-1 4-1  l < i , j < n  i~- -- 3 " ' ' ,  j + r \ ,  1 ) ) )  

, n , ' ' ' , X r + l ( , 1 ) )  = --  --  
det (e' (xg 1, 4-1 , 

l<_ i , j<n  n - - z ,  3 . . . .  X j + r (  , 1))) 

where 
: =  - 

±1(,1))  we mean hm(Xl,X-~ 1, x~-l(,1)),  etc. The  nota- By hm(Xil l , . . . , x ~  . . . , x~ ,  

t ion (, 1) has to be unders tood in the sense tha t  this group has to be omi t ted  

in case of even symplectic characters,  while in case of odd symplectic characters 

it is meant  tha t  1 is an addit ional  argument  in the symplectic character  and 

the complete homogenous and the e lementary symmetr ic  functions in (1.8) and 

(1.9). Obviously, the identi ty (1.2) for the even symplectic character  comes out 

of the even case of (1.8) by sett ing r = 0 and mult iplying the j - t h  column in 

both  determinants  by xj  - x~ 1, for j = 1, 2 , . . . ,  n. The  identi ty (1.3) cannot  be 

derived in full generality from (1.8). The  reason is tha t  in (1.3) the par t i t ion A 

is allowed to have n + 1 parts  which is not t rue for (1.8). However, if A,~+I = 0 

then (1.3) and the odd case of (1.8) with r = 0 are completely equivalent. This 

will be shown at the end of section 2. 

Similarly, for the or thogonal  characters  we shall prove 

det (h~ 'n i( x:~l, • x~:_~(,1))) 
(1.10) oa(x~ 1, X 4-1 { l < i , j < n  i~- -- J " ' '  . . . ,  , + . , , 1 ) ) =  - - 

d e t  (h" i (x  -!1, ±1 , 
l < i , j < n  --  J . . . ,  xj+~(, 1))) 
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where h~() := hm0 - hm-2(), and, if n - 2 < r, 

det (ea i+~_i (x~  1 . , x~¢r ( ,  1))) 
(1.11) ±1 X-I- 1 { l<_i,j<n "~ ' ' "  °~ ' (xn  , " ' ,  ~+1~,1)) = 

l d e t  ( e ~ _ , ( x ~ l , .  x +1 ( _ , ~ , j : n  ~ . . ,  j + ~ , , 1 ) ) )  

Also here the terms (, 1) in (1.10) and (1.11) are optional, depending on whether 

ox is meant to be the even or odd orthogonal character. Again, (1.4) (the even 

case) comes out of (1.10) by setting r = 0 while (1.5) (the odd case) comes out 

of (1.10) by setting r = 0 and multiplying the j - th  column in both determinants 

by x~/2 - x j  1/2, for j = 1 , 2 , . . . , n .  

Identities (1.6)-(1.11) allow a unified formulation, which we give in the 

following theorem. 

THEOREM 1: Let  A = (A1, A2,. . . ,  An) be a part i t ion  and let X~(Xl,X:, . . .  ,Xm) 
+1 ±1 be any one of  the characters s~ (x l ,  x 2 , . . . ,  xm) ,  spa(x 1 ,x 2 , . . . ,  x~ml(, 1)), or 

O)' ( X±l 1' x±12 ' ' ' ' '  X± l ~ , 1)). Then  there hold 

det (X(x,+~_~)(xj,xj+~,...,xj+~)) 
(1.12) X~(x l ,  x 2 , . . . ,  x~+~) = ~'-~,3~_~ 

l d e t < n ( X ( n - i ) ( x j , x j + i , . . . , X j + r ) )  ' 

and, i f n  - 2 < r, 

d %  (x(~,+o-,)(~j,xj+~,...,xj+r)) 
(1.13) x ~ , ( x , , x , + l , . . . , X ~ + l )  = ~'-,,3_~- 

lde, j t n ( X ( l - - i ) ( X j , X j + i , . .  . , x j + r ) )  

Regev notes that the determinants in the denominators of (1.6) and (1.7) factor. 

Namely, [8, Theorem 1.(a)] 

(1.14) det ( h , ~ _ i ( x j , . . . , x j + ~ ) ) =  
l_<i,j<_~ 

and [8, Theorem l'.(a)] 

(1.15) det (e,~_~(xj, . . . ,  xj+~)) = 
l <_i,j <n 

II (x~-xj+~) 
l<i<j<n 

1 ]  (x~ - x~-j+~+2). 
l<j<i<n-1  

Also the determinants in the denominators of (1.8)-(1.11) factor. 

have 

(1.16) 

Namely we 

det (h~_, (x~l , . . .  x ~ r ) ) =  det (h~_i(x~ 1, . . , x ~ r ( , 1 ) ) )  

= I I  (X i -- Xj+~)(1 1 ) 
l~ i<j~n  XiXj+v 
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and 

det (e~ i(x =~1, . x~:~) )=  det ( e ,_ i (x f l , .  x ~1 ( 
l < i , j < n  -- ) "" ' l<_i , j<n . . ,  j + r ~ ,  1))) 

(1.17) 1 
= [ I  (x~ - x~_~+~+~)(1 ). 

l < _ j < i < n -  1 X i X i - - j + r + 2  

In the next section we first give the corrected proof of (1.7) (which is completely 

analogous to the proof of (1.6) in [8]). Subsequently, by following the same idea, 

we prove (1.8) (1.11), and thus (1.12) and (1.13), in a uniform fashion. The 

proofs of (1.16) and (1.17) are also contained in the next section. In section 3 

we give a generalization of Theorem 1, which for the special case of Schur func- 

tions already appeared in Regev's paper [8, p. 159]. From this generalization 

(Theorem 2) we derive more bideterminantal formulas for odd orthogonal char- 

acters and bideterminantal formulas for Proctor's [5, 6] intermediate symplectic 

characters that interpolate between symplectic characters and Schur functions. 

2. The proofs 

For a proof of (1.7) we start by defining three n x n matrices, HA, B~, and M (~), 

HA := (ea i - i+j (x , , . . . ,  x~+l))l<i,j<,, 

~ : =  (e~i+n_i(Xj,...,Xj+r))l~_i,j<_n, 
M (r) : =  ( e n - - i ( X j , . . . , X n - - l , X r + 2 , . . . , X j + r ) ) l < i , j < n .  

We claim that there holds 

(2.1) B~ = HA • M (~). 

In order to show this identity, we have to verify 

(2.2) e~,+~_~(xj,...,r~+~) 
n 

= } 2  e~ , -~+k(Xn, . . . ,x~+l)en-k(xj , . . . ,X~- l ,x~+2, . . . ,x ,÷~) .  
k = l  

Now, the generating function for elementary symmetric functions is 

(2.3) ~ ~m(yl . . . .  ,ys)z ~ = I I ( l +  y~z) 
m = 0  i--=1 
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Therefore, by comparing the coefficients of z ~ on both sides of 

j + r  r + l  n - 1  j + r  

I I ( l + x i z ) :  I I ( l + x i z ) "  ( I I ( l + x i z )  H ( a + x i z ) )  
i = j  i=n  i= j  i = r + 2  

we obtain 

(2.4) 

em(*j , . . ,  *j+~) = Z em-,(x~,.. . ,  X~+l) ~ (* j , . . . ,  *~-1, x~+>. . ,  *~+~.) 
p=0 

Since the number of arguments in %(xj ... .  , x~-l, x~+>..., xj+,.) is n - 1, the 

summands at the right-hand side of (2.4) vanish for p _> n. Hence, we may 

replace p by n - k, where k runs from 1 to n, thus obtaining (2.2) when we also 

set m = Ai + n - i. This establishes (2.1). 

Next, on both sides of (2.1) we take determinants. By the dual Jacobi Trudi 

identity for Schur functions (cf. [4, I.(3.5); 1, (24.11), (A.6)]) we have det Ha = 

sa,(Xn,...,x~+l). By setting ~ = 0 in (2.1) we deduce detM(~) = detB0 = 

det(e~_~(xj,..., xj+~)). Hence, (1.7) is established. | 

The proofs of (1.8) (1.11) are analogous, only the choice of the matrices 

Ha, B~, M (~) and the Jacobi-Trudi  type identity that  is used differ. So it will 

suffice to give a detailed proof only for the even case of (1.8). For the odd case of 

(1.8) and for (1.9)-(1.11) we only state the choices of the matrices H~, Ba, M (~) 

and give the respective references for the Jacobi Trudi type identities. 

In order to prove the even case of (1.8) we choose 

Ha (ha~_~÷l(*l±l, ±1 ---- , X n ÷ r )  h ) ~ i _ i ÷ j ( X i l  1 ' ±1 . . . . .  , x n + r )  

+ h a , - i - j + 2 ( x ~  1, z +1 , ,  
• ' ' ~  n+r))l<_i, j<_n,  

Ba = (ha,+n-~(*] a, .±1 ,, 
• ' ' ~  j+r}}l<_i, j<_n,  

M (r) _- ( ( - - 1 ) n - - i e n _ i ( x ~ l l  , x ~ . l l ,  x +1 X =l:l ~'~ "" -- " j + r + l ~ ' ' ' ~ "  n + r ) ) l < i , j < n "  

The notation for Hx means that  the first expression gives the entries of the first 

column while the second expression gives the entries of the remaining columns, 

j ~ 2. Again we claim that  

(2.5) Ba = H x .  M (~). 
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Here we have to verify 

h~ +n_i(x~cl ~,±1 (x~t l, 11 , , . . . , x ~ + ~ )  ( - 1 )  '~-1 . . . . .  xj+~) = h~ - i + 1  

e n _  1 (Xl±I :/,~:_11, 11  11  
• . . . ,  2 " j + r + l ,  • . . ,  Xn+r) 

n 

+ ~ ( h : , , _ , + k ( . f  1 , . . . ,  ~,,~+~).±~ + h:,,_,_,~+~(x?', . . . ,  ~.+~))11 
k=2 

( 2 . 6 )  . (__l)n,--k(Sn_k(; / . f l  Xffi1  ' 11 25.±1 
• ' ' ,  3 L ' j + r + l , ' ' ' ,  n+r]" 

The  genera t ing function for the complete  homogeneous symmet r i c  functions is 

( 2 . 7 )  l i  1 h,~(yl , . . .  ,y~)z "~ = (1 - yiz) 
m = 0  i : 1  

Therefore,  by compar ing  the coefficients of z m on bo th  sides of 

j+r  n+r 
1 1 

1 - I ( 1  xiz)(1  - 1 ,  = l - I 1  - - x~ _)  (1 - ~ = ) ( 1  - x : - t ~ )  

j - 1  nWr 

(1 - I  ( l - x i z ) ( 1 - x : ~ l z )  H ( l - x i z ) ( l - x : ( l z ) )  
i=1 i = j + r + l  

we get 

(2s)  h,,~(x~ 1, 11 ,X j +r )  ~- h . . . .  p (X l± l ,  . =t=1 p . . . . . .  x . + ~ ) ( - 1 )  
p=O 

• ep(Xil 1 X±I  ,T±I 11 " ' '~ '  j - l ' "  j + r + l ~ ' ' ' ~ X n + r ) "  

The  number  of a rguments  in ep(Xl i l  =t=1 ± l  11 , . . . ,  Xj_ 1, Xj+~+ 1 . . . .  , X,~+~) is 2n- -2 .  Hence 

the s u m m a n d s  at  the r ight -hand side of (2.8) vanish for p > 2n - 1. Besides, we 

have 

ep(xil l x + l  _11 4-1 11 "' j - - i '  "~j4-r+l, ' Xn+r) = e2n--2--p(X~l 1, , x ± I  X±I  . . . . . . . .  j - - l ,  j + r + l ' ' ' ' , X n + r ) ~  

since the p roduc t  of all 2n - 2 a rguments  equals 1 and the set of a rguments  is 

invariant  under  taking inverses. So, if we reorder  the s u m m a n d s  at  the right- 

hand  side of (2.8) by singling out the (n - 1)-st s u m m a n d  and pair ing the p - th  

with the (2n - 2 - p ) - th  s u m m a n d ,  for p = n - 2, n - 3 . . . . .  1, 0, after  replacing 

m by Ai + n - i we obta in  (2.6). This  establishes (2.5). The  remaining  s teps are 
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the same as before in the proof of (1.7). This time det Ha is identified to be the 

symplectic character sp~ (x~ ~, x ±1 ~ by virtue of the symplectic Jacobi-Trudi 
• " " ~ n T r ]  

identity (cf. [1, Prop. 24.22]). | 

The odd case of (1.8) is established in the same manner. We choose 

Ha (ha~-i+~(x~ z, ±~ 1) " h a ~ _ i + j ( x ~ ,  ±1 1) ...~Xn±r~ . . . ~ X n + r ~  

.+ ha i_ i_ j+2(x ' t - l l , .  ±1 1))l<_i,j<_n, 

Ba = (ha.+n_i(x~=l,., ..,Xj+r,±Z 1))l<i,j<n, 

M(,- ) = ( ( _ l ) n - - i e n _ i ( x ~ l l  ' X ± I  _±1 , X + I  ~ 
' ' ' ~  j - - l ~ j + r + l ~ ' ' "  , n+r]}l~i, j~_n" 

The Jacobi-Trudi type identity for the odd symplectic character that has to be 

used in this instance is [5, p. 317] 

=1=1 ± 1  X :t:1 1~ 
s P ; ~ ( X l  ,X2 , " ' ,  n , J 

det (hx~_ i+l (x~ l , .  =t=1 1)  . . ~ X  n 
~<_i,j<~ 

hai_ i+j (x~ l  l ,  . . ",Xn4-1 , 1)  

+ h~i_ i_ j+2(X~l  I ' +1 . . . ,x~  ,1)). 

In order to prove (1.9) we choose 

i ! IX-F1 ±1 " el {X:t=I ±1 H), = (e;~_i+l~ ~ , . . . , x ~ + l ( , 1 ) )  a~-~+jk ,~ , ' " , z ~ + l ( , 1 ) )  

i +1 x+l  r 1~ ,  + e ; ~ - i - j + 2 ( X n  , . . . ,  r+ l~ , ,  }})l<_i,j<_n, 

[e I {X q-1 , X :t:l ( 1)))l<ij<,~, 

M(~) ( e n _ i ( x ~ l ,  ±1 +1 X +1 ~ <_z _ : " ' ' ~ X n - - l ~ X r + 2 ~ ' ' ' ~  j + r } ] l  ",j<n. 

That det Ha equals sp a, (x~ 1, ±1 . . . .  Xr+l( , 1)) is due to the dual symplectic Jacobi- 

Trudi identities (ef. [1, Cot. 24.24] for the even case and [7, Appendix A2] for the 

odd case). | 

For the proof of (1.10) we choose 

[h I [x:t:l 4-1 " h I { x ± l  :hl H a = ~  ~,-~+1~ z . . . .  ,xn+~(,1)) ~,-i+j~ i , " ' , xn+~( ,1 ) )  
h I ( x  ±1  . x +1  [ 1 ~  "~- al--i--jW2k 1 ~ ' "  ~ n+r~,~ }}}l~_i,j~_n~ 

rh, [ x ± l  ±1 1)))l<_i,j<_n, B a  : k A i + n - i \  j ' ' ' ' ~ X j w r ( ~  

M(r) t l _ l ~ n - i  e (x+l +1 ±1 xqq ~ <- _ kk ! n--~k 1 , ' ' ' ~ X j - - I ~ X j + r + I ' ' ' ' ~  n + r ) ) l  i , j<n.  
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The orthogonal Jacobi-Trudi identities (cf. [1, Prop. 24.44, Prop. 

guarantee that det H~ equals ox(x~l 1, X 4-1 ( . . . ,  ,+~,,1)).  | 

Finally, for proving (1.11) we choose 

75 

2 4 . 3 3 ] )  

+1 4-1 " (X±I  +1 HA = ( e x ~ - i + l ( x n  , 1)) e~ . . . ,  Xr+l(, 1)) • - - , X r + l ( ,  --i+j~ n , 

i " ' 2  (x4-1 X4-1 / 1 ~  -}- C)~i-- --3-~ ~, n ~ ' ' ' ~  r+l l .~  }))l<_i,j<_r~ 

B)~ : ( c )~ i+n_ i ( x~  1, . x + 1 [  1"" • " , j+rk ,  )))l<_i,j<_r, 

M ( r )  ( e n _ i ( x ~ l ,  +1 +1 x + l  ~ ~- . . . , ~ n - - l , X r + 2 ~  ' ' ' ,  j+r))l<_i,j<_r" 

Here we use the dual orthogonal Jacobi-Trudi identities (cf. [1, Cot. 24.45, 

Cor. 24.35]). | 

Now we turn to the determinant factorizations (1.16) and (1.17). What we do 

is to change Regev's proofs of (1.14) and (1.15) into proofs of (1.16) and (1.17). 

First we have to find analogues for Lemmas 5 and 5' (bottom line of p.158) in 

Regev's paper. These analogues can be given in a unified form. They read 

(X4-1 +1 
- .  + 1 ( , 1 ) )  - s ,  2 , . . . , X v + l ( , 1 ) )  (2.9) ]z,(x~ 1, . , x ,  

- -  (X 1 a : v + l ) ( 1  1 )~s_ l (x f l ,  4-1 - - - -  . .  x , + 1 ( , 1 ) ) ,  
X l X v + I  

where ttm is any of hm or h ' ,  and 

(2.10) ~ ( x ~  1, +1 ~ (x+t  x + l  ( . . . ,x~  ( , 1 ) ) -  , ,  2 , ' " ,  v+l, ,1))  

= (xl - x~+l)(1 1 )~s_l(X4_ 1 x4-1 - -  , 2 , ' "  , ~ ( , 1 ) ) ,  
X l X v + I  

' These two identities are easily proved by means of where &~ is any of em or em. 

generating functions. For a proof of (1.16), let det (n, r) denote the determinant 

l d e t n ( h n - i ( x ~ l  . . . .  x + l  ( , j + ~ , , 1 ) ) ) .  

The last row of this determinant consists of all l's. Subtract the j - th  column 

from the (j - 1)-st column, j = 2 , . . . ,  n, and then expand in the last row. By 

using the relation (2.9) we obtain 

n--1 
( 1 ) 

de t (n , r )  = d e t ( n -  1,r  + 1) H ( x J  - x l+ j+~)  1 x j x ~ l + ~  " 
j = l  
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By induct ion  on n we are done. The  proof  of (1.17) is s imilar .  | 

At  the  end of this  sect ion we show tha t  (1.3) wi th  A~+l = 0 and  the  odd  case 

of (1.8) wi th  r = 0 are equivalent .  In  order  to see this ,  first observe t h a t  because  

of Xn+l = 1 in bo th  de t e rminan t s  in (1.3) the  last  co lumn consists  of all 2's. 

Hence, if we s u b t r a c t  the  las t  row from all the  o ther  rows in b o t h  d e t e r m i n a n t s  

in (1.3), the  last  co lumn will consist  of only zeros wi th  the  except ion  of a 2 in 

the  last  row. Expans ion  in the  las t  co lumn gives 

s p x ( x ~ l  x ± l  ±1 1) . 
2 ' ' ' ' ~ X n  , 

det  (x~. '+'~-i+3/2 + x- j  (A'+n-i+3/2) - x~/2 - x - j  1/2) 
l<_i,j<_n 1 

- -  ~, [ n--i+3/2 X--(n-i+3~2) _ 1 / 2  dew l`x. + j x j - x ~  1/2) 
l<_i,j<_~ 

3/2__ --3/2 1/2 --1/2 
Now in b o t h  de t e rminan t s  we divide  the  j - t h  co lumn by x j  + x j  - x j  - x j  

and ob t a in  (1.8) wi th  r = 0 by  using the  iden t i ty  

x rn+3/2 -t- x -(m+3/2) - :/;.1/2 _ x - l ~ 2  

h m ( x ,  x -1 ,  1) = x3/2 + x_3 /2  _ x l / 2  _ x _ l / 2  

That this identity actually holds is easily verified by using generating functions. 
| 

3 .  A g e n e r a l i z a t i o n  

Here we are going to s t a t e  a genera l iza t ion  of The o re m 1. Let  A = ( A 1 , . . . ,  A~) be 

a p a r t i t i o n  and  let  z denote  the  sequence Zl, z2 , .  • . ,  zm of var iables .  We formal ly  

define 

(3.1a) 

spA(x l+ l ,x± l  ±1 , s -  / x ± l  X ±1 ±1 Z) 2 , ' ' ' ~ X n  ~Zl~' '"  Zm) ~ PA I , 1 ~ 2 ~ ' ' ' ~ X n  

det  ( h A i _ i + l ( x ~ l , .  +1 " ( x ~ l , .  +1 = . . ,  z ~  , z )  h~,,_~+j . . ,  x,~ , z )  
l<_i,j<n 

+ 1, 

det  (e i ,  i+ l (Xl  ~1, ±1 z) " ' , ±1 ±1 = " ' ' , X n  ~ e A ( - i + j [ X l  , . . . ~ x  n , z )  
l<_i,j<_n ~- 

(3.1b) 
I ±1 +1 

+ % , _ i _ ~ + 2 ( z  1 , . . . , z ~  , z ) )  
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and 

±1 ±1 ±1 ~ ~ ±1 ±1 ±1 Z) 
O)~(X 1 , X  2 , . . . .  ~X n , Z l , . . . , Z m )  ~ ( jA (X  1 , X  2 ~ . . . ~ X n  

= g e t  ( h ~  _ i + l ( X ~ l  I x ± 1  z ~ " "!  ~ :i=l 
l<_i,j<_n ' ~ "  "~ 'n ' ] l ~ A i - - i + j ~ X l  

(3.~a) 

+1 z) • . . , X  n , 

+ h ~ (x  ±1 x ±1 z ~  ; ~ i - i - - j + 2 k  1 , ' ' ' ,  n , ]] 

e ~ , _ i + j ( x ~ ,  1 . . . .  , x ±1~ , z~, 1 . . . .  (e~_int_ I(X 1 . . . .  X n  ' 

(3.2b) 
+ e~;_i_j+2(x~l  +1 . . . .  xn , z ) ) .  

.. ±1 z) m e a n s h k ( X l , x l l , . . , x n , x ~  , ~ 1 , . . , z m ) , a n d  The notation h k ( x ~  1, . , x  n , . . 

P Tha t  the determinants in (3.1) agree and that  similarly for ek, h~, and e k. 

the determinants in (3.2) agree is well-known (see [1, Prop. A.44, Cor. A.46] 

~x+l x±l  ±1 z) and o ~ ( x ~ l , x  ±1 for a proof). The expressions s p ~  1 , 2 . . . .  , x m ,  2 . . . .  , 

Xm±l, Z) are sometimes called f o r m a l  characters. 

Now we are able to formulate the announced generalization of Theorem 1. 

THEOREM 2: L e t  A = (A1, A2 . . . .  , A~) be a par t i t i on  and  let  X~(Xl ,  x 2 , . . . ,  xm) 

b e  a n y  o n e  o f  t h e  c h a r a c t e r s  8A(Xl ,X2  , . . . , x m , Z ) , S p A ( x ~ l l , x ~ 2 1 , . . . , x  m ± l , z ) ,  o r  

° ~ ( x ~ ' ,  x +12 , . . . ,  x~l ,  z). T h e n  there hold 

(3.3) X ~ ( x l , x 2 , . . . , x ~ + ~ )  = - '  - 

l~ ,~%(~(n-~) (x~ ,~ j+ l , . - . ,~ j+~) )  ' 

and, i f  n - 2 <_ r, 

det ( X ( l ~ , + . - ~ ) ( x j , x j + l , . . . , x j + ~ ) )  
(3.4) X M ( X n , X n + I  . . . . .  X r + I )  ~" l<_i,j<_n 

l d ~ t  ( x ( . - , ) ( ~ j ,  ~j+l, • •., ~j+~)) 
~_z,j'-.n 

The proof of Theorem 2 is identical with the proof of Theorem 1 and is therefore 

omitted. Clearly, Theorem 1 is just a special case of Theorem 2. | 

The s-px(~x +11 , x+12 , ' - . ,x~+l ,  z) which were formally defined in (3.1) are a c t u a l  

characters. They are characters of "trace-free" representations of intermediate 

symplectic groups [5] that  interpolate between the symplectic groups and the 

general linear groups. Actually, these trace-free characters are indexed by par- 

titions with up to n + m parts. So our Theorem 2 only gives bideterminantal  
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expressions for these characters  for par t i t ions  A with at  most  n par ts .  I t  can 

be shown in a similar manner  as at  the end of section 2 tha t  the X~ = sp~, 

r = 0, z = - 1  special case of (3.3) is equivalent to the An+l = 0 case of the 

following b ide te rminan ta l  formula for the odd symplect ic  character  evaluated at  

x~  1, . x +-1 1 

( 3 . 5 )  S ~  [X'4-1 37+-1 +-1 - 1 )  
I~'A[ 1 ~ 2 , ' ' * ' X n  

d .  , A . + n - - i + 3 / 2  -- . --" e~ ~x.' - xj (x,+n ~+3/2)) 
--_ l < i , j < _ n + l  J 

det (x7 - i+3/2 xj-(~-~+3/2)) 
l<_i , j<_n+l 3 I x ~ + l = - - i  

This  ident i ty does not appea r  in [5] but  can be derived complete ly  analogously 

as (1.3) was derived in [5, sec. 8]. 

A representa t ion- theoret ic  meaning  for the ox(x~l 1, x~2 1 +-1 , . . . ,  X~ , z), formally 

defined in (3.2), is not so immedia te .  Perhaps,  if in termedia te  or thogonal  rep- 

resentat ions would be defined in analogy with  the definition of in termedia te  

sympleet ic  representat ions in [5], then the expressions in (3.2) would tu rn  out 

to be  characters  for these representat ions.  We confine ourselves with consid- 

ering (3.2) wi th  z = - 1 .  This  has a representa t ion- theoret ic  meaning,  since 

/x+-I x +1 . x~ 1 - 1 )  is the usual odd or thogonal  character  evaluated at  the OA~, 1 , 2 ~ ' "  , 

"negative" part of the orthogonal group. In particular, the X~ = oA, r = 0, 

z = -1 special case of (3.3) is equivalent to the formula (cf. [7, proof of A2.1(d)]) 

dA. i A i + n - i - H / 2  X;(Ai~-n-i+l/2)) e~ ~X. + 
(3.6) °A(x~l ,  x+-12 , . .  ",Xn+-l-1), = l<_i,j<_n ? 

d_, ~ n - - i + l / 2  ~ ~xj + x~ (~-'+1/2)) 
l<i,j_<,~ 
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